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ABSTRACT
Achieving relativistic flight to enable extrasolar exploration is one of the dreams of humanity and the long term
goal of our NASA Starlight program. We derive a fully relativistic solution for the motion of a spacecraft propelled
by radiation pressure from a directed energy system. Depending on the system parameters, low mass spacecraft can
achieve relativistic speeds; thereby enabling interstellar exploration. The diffraction of the directed energy system
plays an important role and limits the maximum speed of the spacecraft. We consider ’photon recycling’ as a possible
method to achieving higher speeds. We also discuss recent claims that our previous work on this topic is incorrect and
show that these claims arise from an improper treatment of causality.
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21. INTRODUCTION
In the past half-century, we have seen incredible ad-
vances in space exploration through chemically powered
rockets. However, rockets powered by combustion are
extremely inefficient and need to carry massive amounts
of fuel. For example, suppose we want to propel a sin-
gle proton with the entire mass of the universe (∼ 1056
g) converted to chemical propellant. Treating this sys-
tem as an infinitely staged rocket with a typical ejection
speed of ∼ 4 km s−1, the final speed of the proton is:
vf ∼ 4 km s−1 ln
(
muniverse
mproton
)
∼ 0.002c (1)
Chemical fuel cannot accelerate even a single proton
to relativistic speeds and thus is hopeless for interstel-
lar flight in a reasonable flight time. If we want to ex-
plore distances far beyond our solar system, we need to
adopt a radically different form of propulsion. All other
known methods of propulsion including ion engines, nu-
clear thermal, fission fragment and fusion fail due their
low inherent energy efficiency (ε = energy released per
rest mass energy) with even fusion having ε < 0.01.
For reference, chemical rockets have ε < 10−10. Even
antimatter annihilation engines would have significant
difficulty due to the large secondary masses required for
confinement and reaction (Lubin 2016).
In our NASA Starlight program and it’s derivative, the
Breakthrough Starshot program, we propose using di-
rected energy (DE) photon propulsion. Unlike all other
propulsion technologies, the DE system does not ’fly’; it
is used in a beamed energy mode to remotely propel the
spacecraft (described in detail in (Lubin 2016)). The
energy emitted by the DE system reflects off of a ’sail’.
This imparts momentum to the attached spacecraft pro-
pelling it forward. DE propulsion is highly versatile and
can be used to propel spacecraft with a wide range of
masses.
Due to the advances and exponential growth of both
electronics and photonics, highly functional spacecraft
can be greatly miniaturized - in some cases to a gram-
scale. These gram-scale spacecrafts can achieve rela-
tivistic speeds ∼ 0.2c allowing exoplanet missions in
flight times of ∼ 20 years. Such a program would be
a radical transformation from existing propulsion tech-
nologies and would enable missions that are currently
not possible. While this is a long term program that
is multi-decade in it’s scope, it would be transforma-
tional in nature. One can envision an armada of small
spacecrafts traveling at relativistic speeds to explore the
nearby stars and exoplanets; thereby extending human-
ity’s reach far beyond the solar system.
There has been a variety of work on the general prob-
lem of a mirror/sail propelled by radiation pressure.
This problem was first imagined by Einstein (1905) and
subsequently by Marx (1966), Redding (1967) and For-
ward (1984). Our work on this topic consists of: Bible
et al. (2013), Lubin et al. (2015) and Lubin (2016) which
contains a comprehensive review of our work till date.
Most recently, Kipping (2017) has also published a pa-
per on this topic. In this paper, we begin by deriving
a relativistic solution for the velocity of the spacecraft
using the conservation of 4-momentum in Section 2. In
doing so, we dispel claims made in Kipping (2017) stat-
ing that our previous work on this subject is incorrect.
Section 3 contains a general discussion of the efficiency
of DE propulsion. In Section 4, we discuss diffraction
effects of the DE system and how this results in a ter-
minal speed for the spacecraft. Using this methodology,
we find the spacecraft velocity for various parameters
(spacecraft mass, thickness of the sail, power of the DE
system etc.) in table 1. In particular we find that a 1
g spacecraft propelled by a 100 GW (10 km) DE sys-
tem can reach speeds ∼ 0.2c. A preliminary model of
’photon recycling’ is discussed as a possible method for
increasing the speed of the spacecraft in Section 5. Fi-
nally, we end with some concluding remarks in Section
6.
2. DERIVATION OF RELATIVISTIC SOLUTION
Consider an DE system emitting a stream of photons
which strike a moving sail. Momentum is transferred to
the spacecraft through collisions between photons and
the sail. In any single collision, 4-momentum is con-
served and can analyzed in a specific, but arbitrary ref-
erence frame. In such a frame frame, the incoming pho-
ton has an energy E0 and strikes a sail with mass m and
momentum p0.
4-momentum conservation tells us:
p˜µ0 + p
µ
0 = p˜
µ
f + p
µ
f (2)
We use notation where the tilde corresponds to the
photon. Written explicitly in terms of components:
|E0|+√m2 + p20
E0 + p0
 =
|Ef |+√m2 + p2f
Ef + pf
 (3)
3We set c = 1 and restore factors of c when useful. The
above system of equations can be solved for pf and Ef .
pf (p0, E0) =
(
4E0
2 + 4E0p0 −m2
)−1 (
4E0
3
+2E0
(√
E0
2 (m2 + p02)−m2 + p02
)
+p0
(
2
√
E0
2 (m2 + p02)−m2
)
+ 6E0
2p0
)
(4)
Similarly, solving for Ef produces an equally unwieldy
expression. So far, this analysis is indistinguishable from
a Compton scattering calculation in 1 spatial dimension.
In this single collision, the change in the spacecraft’s 4-
momentum will be: ∆pµ = pµf −pµ0 . In general, ∆pµ will
be some function of the spacecraft’s current momentum
and the incident energy of the photon.
Now consider an entire stream of photons with energy
E0 striking a perfectly reflecting sail. Each of these pho-
tons will impart energy and momentum to the sail. In
the limit that the energy of any individual photon is
small compared to the rest energy of the sail, the en-
ergy transferred by each individual photon is negligible
and the collisions can be smoothed over. If we assume
that the DE system is massive enough to have a negligi-
ble recoil when firing photons, we can approximate the
DE system as remaining in an inertial frame; thereupon,
we analyze the situation in the DE system’s rest frame.
In it’s frame, the DE system of power P emits photons
of energy E0 at a rate Γ (Γ has units of inverse time).
Due to the relative motion between the sail and DE
system, the rate at which photons are emitted from the
DE system is not rate at which photons strike the sail.
Let dN be the number of photons that strike the sail in
dt, where dt refers to a small proper time elapsed in the
DE system’s frame.
dN = (1− v) Γdt =
(
1− p√
m2 + p2
)
Γdt (5)
Smoothing over individual collisions in such a manner
gives the change in 4-momentum of the spacecraft in
time dt:
dpµ
dt
= Γ∆pµ
(
1− p√
m2 + p2
)
(6)
For clarity, we define a dimensionless photon energy
 = E0/mc
2. We apply this analysis to systems like our
NASA Starlight program, the Breakthrough Starshot
program (Merali 2016) and DE-STAR (Hughes et al.
2013). These involve propelling gram-scale spacecraft
with ∼ 100 GW DE systems which shoot out ∼ 1 eV
photons. For these parameters:  ∼ 1 eV/(1 gram) c2 ∼
10−33.
Given an initial position and velocity, equation 6 can
be integrated numerically to solve for the spacecraft’s
motion as seen in the DE system’s frame. This deriva-
tion involved:
1. conservation of 4-momentum applied to a single
collision event (in an arbitrary frame)
2. smoothing over multiple collisions to get a contin-
uous force (as seen in the DE system’s frame)
Various phenomenon that emerge in special relativity
(i.e. length contraction, time dilation, Doppler shifts)
are implicitly included in our assumptions. For instance,
calculating |Ef | from equation 3 to first order in  gives:
|Ef | =
(
1− β
1 + β
)
|Ei| (7)
As expected, the reflected photon encounters 2
Doppler shift factors; first when it is being absorbed
by the receding sail and second when it is being emitted
by the receding sail. In this sense, our derivation is
extremely general.
Our second assumption is valid as long as the
timescale between individual collisions (t−1coll ≡ (1 −
v/c)Γ) is much shorter than the timescale for the space-
craft to appreciably change it’s velocity (trel ≡ mc2/P ).
Even if we assume extremely relativistic speeds of 0.99c,
tcoll/trel ∼ 10−31.
Since we’re interested in the soft photon limit where
  1, from here on, we’ll primarily work to first order
in .
∆p1 =pf (p, )− p
=2
(
m2 + p2 − p
√
m2 + p2
m
)
+O(2) (8)
Using P = E0Γ and v as the instantaneous velocity
of the spacecraft, the spatial component of equation 6
becomes:
dp1
dt
=
d
dt
(γmv) = 2P
(
1− v
1 + v
)
(9)
Restoring factors of c and defining β = v/c, equation
9 can be written as:
β˙ =
2P
mc2γ3
(
1− β
1 + β
)
(10)
4Figure 1. A plot of equation 11 showing the velocity of the
spacecraft as a function of time (as seen in the DE system’s
frame). By a time t = trel, relativistic effects become very
significant. We assume continued illumination by the DE
system and that the sail is perfectly reflecting at all wave-
lengths. Diffraction effects are ignored here but discussed in
section 4
In the limit of   1, equation 10 can be integrated
to give an analytic expression relating the time t taken
to get to a given β.
t =
trel
6
[
(1 + β) (2− β) γ
(1− β) − 2
]
(11)
In the non-relativistic limit, equation 11 is consistent
with the Newtonian impulse due to radiation pressure:
Fradt = mv. Where Frad ≡ 2P/c.
2.1. Resolving recent claims of inconsistency
There is a variety of literature on the topic of rela-
tivistic travel using DE propulsion. Lubin (2016) states
the relativistic solution which is derived in detail here.
Since then, there has been a recent paper (Kipping 2017)
claiming that our solution is wrong. In particular, Fig-
ure 4 of (Kipping 2017) and the subsequent text claims
that their result ”significantly diverges from (ours), pre-
dicting 10.8% more energy needed to reach 0.2c”. (Kip-
ping 2017) claims that this discrepancy is due to our
”infinite mass sail approximation”.
From our analysis, it should be clear that the claim in
(Kipping 2017) is incorrect. Corrections to equation 10
will be second order in  and therefore will be of order
1 part in 1066 for our system. As an extreme example,
we can treat our spacecraft as a single electron; in which
case the problem reduces to Compton scattering (Comp-
ton 1923). The change in the photon’s wavelength is
given by:
∆λ =
h
mec
(1− cos θ) (12)
x
t
t
1
t
2
Figure 2. A spacetime diagram of the spacecraft, DE sys-
tem. The DE system is located at x = 0 and continuously
emits photons shown by the dashed red lines. The trajectory
of the spacecraft is represented by the solid black line. Due
to the finite speed of light, the spacecraft at time t2 can only
be affected by photons that were emitted before a time t1.
For our system with photons ∼ 1 eV, ∆λ/λ =
2h/mecλ ∼ 10−6. This is a small effect for a single
electron; let alone an entire spacecraft.
Like most paradoxes in relativity, Kipping’s apparent
discrepancy of 10% arises from an improper treatment
of causality.
(Kipping 2017) uses the result we quote in equation
11 to find the time it takes to get to 0.2c. This time
is multiplied by the power and (Kipping 2017) claims
this value differs from his by 10%. As illustrated by the
space-time diagram in figure 2, Kipping’s interpretation
is misguided. Photons do not strike the sail instantly
upon emission.
Suppose at time t2, the spacecraft is at position x2. It
can only be affected by light emitted before a time of t1.
From equation 11, t2 is the time it takes the spacecraft
to reach a speed of 0.2c. t2 = 0.126trel. Assuming
x (0) = 0, x2 = x (t2), numerically integrating equation
10 gives x (t). Finally, consider a light ray moving in the
positive x direction passing through (t2, x2). Tracing
this light ray back to when it was emitted by the DE
system at x = 0 gives: t1 = 0.112trel. We can now
define an ’error’:
error ≡ t2 − t1
t2
≈ 10.8% (13)
Since the total energy emitted by the DE system scales
linearly with time, we see the origin of Kipping’s false
claim: ”(Lubin 2016) predicts ∼ 10.8% more energy
5needed to reach 0.2c”. The key points of this discus-
sion are:
• (Kipping 2017) claims that the solution we derive
here is incorrect due to our ”infinite mass sail ap-
proximation”.
• We show this claim to be incorrect.
• The discrepancy arises because (Kipping 2017) as-
sumes that photons strike the sail instantly upon
emission. Since light has a finite speed, this cannot
be the case.
• By including the flight time of the photons, we
explicitly derive the apparent discrepancy between
(Kipping 2017) and our results.
We emphasize that this discrepancy is not from finite
mass effects of the spacecraft, but from a lack of causal-
ity in the calculations in (Kipping 2017).
3. EFFICIENCY OF ENERGY TRANSFER
As photons reflect off the sail, they get redshifted;
thereby transferring energy to the spacecraft. To first
order in , equation 7 gives the energy transferred in a
collision.
∆E˜ = E˜i − E˜f = 2β
1 + β
E˜i (14)
The efficiency of a collision η can be defined as the
fraction of the photon’s energy transferred at each re-
flection.
η ≡ ∆E˜
E˜i
=
2β
1 + β
(15)
Marx (1966) arrived at the same result in his origi-
nal paper on interstellar travel. The fact that efficiency
approaches unity as β → 1 seems to promise highly effi-
cient, ultra-relativistic travel. However, a detailed anal-
ysis of the energy transfer reveals the subtleties involved.
Energy emitted by the DE system gets transferred
into:
1. forward photon column (FPC) - energy of the pho-
tons traveling towards the sail before striking the
sail
2. the kinetic energy of the spacecraft
3. backward photon column (BPC) - energy of the
reflected photons traveling away from the sail after
striking the sail.
The rate of change of energy in the FPC is:
P→ =
d
dt
(
Γ
c
x(t)E0
)
= Pβ (16)
Using equation 10, the rate of change of energy of the
spacecraft is:
Psc =
d
dt
(
γmc2
)
= mc2β˙βγ3 = 2Pβ
(
1− β
1 + β
)
(17)
The rate of change of energy in the BPC can be calcu-
lated by viewing the reflected photons as being emitted
at a rate Γ (1− β) and having a Doppler shifted energy
given by equation 7.
P← = Γ (1− β)
(
1− β
1 + β
)
E0 = P
(1− β)2
(1 + β)
(18)
These results are consistent with energy conservation
which demands: P← + Psc + P→ = P . Note that all
these powers are calculated in the rest frame of the DE
system. We define dimensionless powers pi:
pii =
Pi
P
where i ∈ {→, sc,←} (19)
Fig 3 shows how these various powers change with
the spacecraft velocity. Marx (1966) and equation 15
correctly conclude that as speed increases, individual
photons are more efficient at transferring energy to the
spacecraft. However, as speed increases, the photons
also take an increasingly long time to catch up to the
sail. As a result, at high speeds, energy from the DE
system goes into the forward photon column as opposed
to accelerating the spacecraft.
4. SAIL OF FINITE SIZE
Until now we have implicitly assumed that all the pho-
tons emitted by the DE system eventually intercept the
sail. However, the DE system has a finite beam diver-
gence and at large distances, the beam spills far beyond
what the area of the sail can capture (figure 4). For a
physically realistic treatment, diffraction effects must be
considered.
A square DE system of side length d = 10 km emitting
at wavelength λ = 1064 nm (Nd:YAG laser) has a beam
divergence given by:
θ =
λ
d
≈ 10−10rad (20)
In general, for an arbitrarily shaped DE system:
θ =
αλ
d
(21)
6Figure 3. A plot of the various powers in equations 16, 17
and 18. Initially, the spacecraft velocity is low and Doppler
effects are small. Hence, the power in the backward pho-
ton column (BPC) dominates. As the spacecraft speeds up,
the power on the sail decreases and the reflected photons
get increasingly redshifted. This causes the power in the
BPC to decrease and the power in the forward photon col-
umn (FPC) to increase. At low velocities, spacecraft power
increases since the increased efficiency per collision (Eq 15)
outweighs the decreasing flux on the sail. At higher speeds,
the decreasing flux dominates and the spacecraft power drops
to 0. At β =
√
2 − 1 these competing effects maximize the
spacecraft power. At β = 1/3, the powers in all three com-
ponents are equal. For large β, the DE system’s power goes
into elongating the FPC instead of propelling the spacecraft.
Diffraction effects are ignored here but discussed in section
4
Figure 4. A schematic showing the diffraction of the DE
system. When the spacecraft is far from the DE system,
the beam spills beyond the sail. d refers to the size of the
DE system, D refers to the size of the sail. θ is the beam
divergence and L0 is the critical distance at which the sail is
just able to capture the entire beam.
The two main cases of interest are α = 1 for a square
DE system and α = 1.22 (determined by first zero of
the Bessel function of the first kind) for a circular DE
system.
If these spacecraft are expected to reach distances ∼ 1
light year, the sail size to catch the entire DE system
beam would need to be ∼ 106 m. This is unrealistic
and the situation where the DE system’s spot size is
larger than the sail must be considered. Each spacecraft-
system comprises of a sail of mass ms attached to a
bare spacecraft of mass m0. Given the rate at which
technology is improving, it is modest to assume a sail
with thickness 1 µm made out of a material with density
1400 kg m−3. Such a sail with a mass of 1 g, would be
0.85 m on a side. Let L0 be the maximum distance at
which the spot size of the DE system fully illuminates a
sail of side length D.
L0 =
dD
2λα
(22)
At any distance x > L0, photons spill beyond the area
of the sail according to the inverse square law, reducing
incident power on the sail. This quadratic reduction in
incident power leads to a terminal velocity of the space-
craft. Diffraction effects modify equation 10 to equation
23.
β˙ =

2P
mc2γ3
(
1− β
1 + β
)
x < L0
2P
mc2γ3
(
1− β
1 + β
)(
L0
x
)2
x > L0
(23)
When x < L0, the acceleration depends only upon
the velocity and a closed form solution of t(β) can be
obtained. When x > L0, the acceleration depends on
both the velocity and the position. This results in a non-
linear, second-order differential equation and finding a
closed-form solution for x(t) is difficult. Instead, it is
useful to find how the velocity varies with distance by
rewriting v˙ = (dv/dx) (dx/dt) and integrating to find a
relationship between v and x.
4.1. Terminal velocity in non-relativistic limit
In the non-relativistic limit, equation 23 reduces to:
mv˙ =

2P
c
x < L0
2P
c
(
L0
x
)2
x > L0
(24)
Integrating to find v(x) in the two different regimes
yields:
v (x) =

√
4P
mc
x x < L0√
4PL20
mc
(
2
L0
− 1
x
)
x > L0
(25)
7At infinity, the maximum velocity that can be reached
is given by:
v (∞) = vmax =
√
8PL0
mc
=
√
2v (L0) (26)
For massive spacecrafts that don’t reach relativistic
speeds, equation 26 is a good approximation. By the
time the spacecraft reaches x = L0, it’s already trav-
eling at over 70% of it’s terminal velocity. Optimiz-
ing spacecraft speed is thus a matter of maximizing the
speed attained before diffraction effects start becoming
relevant.
4.2. Optimizing spacecraft design
We’re interested in finding the optimum sail size to
maximize the speed of the spacecraft at L0. On one
hand, the bigger the sail, the more time the spacecraft
spends in the x < L0 regime. However, a large sail is
also heavy so the spacecraft’s acceleration reduced.
Using the same chain rule as before, we integrate equa-
tion 23 to find a relationship between v and x in the
x < L0 regime. In particular, at x = L0, we have:
2β0 − 1
3γ0(1− β0)2
=
2P
mc3
L0 − 1
3
(27)
The left hand side of equation 27 monotonically in-
creases with β0. Thus, maximizing β0 is equivalent to
maximizing the right hand side of equation 27. The
total mass of a spacecraft-system is m = m0 + ms.
For a sail of size D with a fixed thickness h and den-
sity ρ, ms = kρD
2h. k is a dimensionless constant
depending on the geometry of the sail (k = 1 for a
square sail, k = pi/4 for a circular sail). Maximizing the
right hand side of equation 27 with respect to D yields:
kρD2h = mo = ms. Thus, the spacecraft reaches it’s
maximum speed when the mass of the sail equals the
mass of the spacecraft.
4.3. Possible mission scenarios
Under the optimum condition of ms = m0 several
possible mission scenarios for propelling various space-
crafts can be considered. Table 1 lists a variety of mis-
sions that span 8 orders of magnitude in spacecraft mass.
Although DE propulsion allows low mass spacecraft to
achieve relativistic speeds, it is also useful for interplan-
etary missions in larger spacecraft. For instance, a 105
kg spacecraft capable of containing a manned crew at-
tains a terminal velocity of 0.002c. The versatility and
scalability of these missions make DE propulsion an at-
tractive prospect for space exploration. With advances
in materials science and nanotechnology, it’s possible to
envision sails . 10−2 µm thick. For a given mass, the
Figure 5. Velocity curves for different bare spacecraft
masses (m0 = 1 g, 10 g) and DE system sizes (d = 1 km,
10 km). We assume a 100 GW DE system and the optimal
case where ms = m0. The sail is assumed to have thickness
1 µm and density 1400 kg m−3. The 1 km DE system has a
larger beam divergence than the 10 km system. As a result,
spacecrafts propelled by the 1 km DE system spend less time
in the x < L0 regime and typically have lower terminal ve-
locities. Gram-scale spacecrafts accelerate extremely quickly
reaching their relativistic terminal velocity in a matter of
minutes.
thinner the sail, the larger it can be. Consequently, the
spacecraft spends more time in the x < L0 regime and
achieves a higher speed (table 2).
Solving equation 23 numerically gives v(t) for a set of
parameters. The results are shown in figures 5 and 6.
Figure 5 shows that gram-scaled spacecrafts can be
rapidly accelerated to relativistic speeds. By further op-
timizing parameters such as using a larger, more power-
ful DE system with lighter spacecraft and thinner sails,
it is possible to reach highly relativistic speeds. In fig-
ure 6, sails with thicknesses of 1 µm , 0.1µm and 0.01µm
can reach Alpha Centauri in 25 yrs, 15 yrs and 10 yrs re-
spectively (after which it would take 4 years for Earth to
receive any transmitted information). Given these short
time scales, one can imagine interstellar exploration us-
ing millions of tiny spacecraft propelled one after an-
other by DE systems.
5. PHOTON RECYCLING
Photon recycling involves letting the photons repeat-
edly reflect between the DE system and the sail in order
to maximize the energy transfer to the spacecraft. To
analyze an ideal case, we assume the DE system and
sail act as retro-reflectors so that any incident light is
reflected back to the source. Even so, diffraction effects
still need to be considered. This is a complex problem
since at any given time, there are a range of photons with
different frequencies striking the sail. As a first approxi-
mation, we perform a non-relativistic analysis while still
retaining the key physics.
8Sail Thickness (µm) Spacecraft mass (kg) Sail size (m) t0 (s) L0 (m) β0 βmax
1.0 10−3 0.85 164 4.0× 109 0.15 0.21
1.0 10−2 2.7 901 1.3× 1010 0.091 0.13
1.0 10−1 8.5 4.99× 103 4.0× 1010 0.053 0.073
1.0 100 27 2.79× 104 1.3× 1011 0.030 0.042
1.0 101 85 1.56× 105 4.0× 1011 0.017 0.024
1.0 102 270 8.75× 105 1.3× 1012 0.0096 0.014
1.0 103 850 4.91× 106 4.0× 1012 0.0054 0.0077
1.0 104 2700 2.76× 107 1.3× 1013 0.0031 0.0043
1.0 105 8500 1.55× 108 4.0× 1013 0.0017 0.0024
Table 1. Mission scenarios for a 100 GW (10 km) DE system propelling various bare spacecraft masses. We assume the
optimal case where ms = m0 and a square sail with thickness 1 µm made out of a material with a density of 1400 kg m
−3. L0
is the distance at which the sail size equals the DE system’s diffraction spot size. t0 is the time taken to accelerate from rest to
a distance L0. β0 is the speed of the spacecraft at L0 and βmax is the spacecraft’s terminal speed.
Sail thickness (µm) Spacecraft mass (kg) Sail size (m) t0 (s) L0 (m) β0 βmax
0.01 10−3 8.5 587 4.0× 1010 0.39 0.48
0.05 10−3 3.8 370 1.8× 1010 0.29 0.37
0.1 10−3 2.7 306 1.3× 1010 0.25 0.33
0.5 10−3 1.2 198 5.7× 109 0.18 0.24
Table 2. Mission scenarios for a 1 g bare spacecraft under constant illumination from a 100 GW (10 km) DE system. We
assume the optimal case where ms = m0 and a square sail with thickness 1 µm made out of a material with a density of 1400
kg m−3. We explore the effect of reducing sail thickness on various mission parameters.
5.1. Non-relativistic approximation
First, consider the regime where x < L0. Let DS (N)
be the spot diameter on the sail at the Nth reflection
on the sail. Upon emission from the DE system, light
diffracts and the spot size at a distance x is given by:
DS (1) =
2λ
d
x (28)
Light now diffracts out of the sail and back towards
the DE system. Let dA (N) be the spot size on the DE
system at the Nth reflection on the DE system:
dA (1) =
2λ
DS (1)
x = d (29)
Subsequent reflections keep propagating between the
DE system and the sail such that:
DS (N) =
2λ
dA (N − 1)x =
2λx
d
(30)
dA (N) =
2λ
DS (N − 1)x = d (31)
In the x < L0 regime, spot sizes on the sail and DE
system will remain within their respective sizes i.e. there
is no leakage due to overflowing photons. However, com-
pounded over multiple reflections, the loss due to the re-
flectivity’s of the DE system and sail become significant.
Let the reflectivity of the sail and the DE system be α1
and α2 respectively. Between each reflection at the sail,
the power reduces by a factor of α1α2. This system can
be treated as a new DE system with power Pr where Pr
arises from a sum over all reflections.
Pr = P
[
1 + (α1α2) + (α1α2)
2
+ ...
]
=
P
1− α1α2 (32)
In the x > L0 regime, there will be additional power
loss since photons diffract past the DE system and sail
9Figure 6. Velocity curves for a 1 g bare spacecraft with
varying sail thicknesses. We assume the optimal case where
ms = m0 and a 10 km, 100 GW DE system. The three tra-
jectories are identical early on when they are all in the x < L0
regime and are completely determined by equation 11. As
each sail subsequently moves into the x > L0 regime, diffrac-
tion effects become important and the spacecraft quickly ap-
proaches a terminal speed. Thin sails ∼ 0.01µm allow for
highly relativistic travel at speeds ∼ 0.5c.
and ’leak’ off into space. For distances larger than L0, at
each bounce there will be another loss factor depending
on the fractions of the DE system and sail that are able
to reflect the incoming beam. The fraction of the beam
that reaches the sail fS equals:
fS =
(
D
Dbeam
)2
=
(
Dd
2λx
)2
=
(
L0
x
)2
(33)
Similarly, the fraction of the beam that reaches back
to the DE system fA equals:
fA =
(
d
Dbeam
)2
=
(
Dd
2λx
)2
=
(
L0
x
)2
(34)
Combining the two results, a factor of fAfRα1α2 is
lost between consecutive reflections on the sail. Thus
when x > L0, equation 32 must be modified to :
Pr = P
[
1 + (fafsα1α2) + (fafsα1α2)
2
+ ...
]
=
P
1− α1α2
(
L0
x
)4 (35)
In general:
Pr =

P
1− α1α2 x < L0
P
1− α1α2
(
L0
x
)4 x > L0 (36)
Figure 7 shows the power gained by photon recycling
at various distances and reflectivity’s.
Figure 7. Additional power gained by photon recycling as
a function of the distance between the DE system and the
sail. Plotted curves correspond to different DE system-sail
reflectivity’s. Photon recycling is beneficial when x < L0.
For x > L0 diffraction losses quickly dominate and very little
additional power is gained.
We note that equation 36 only provides an approxi-
mation i.e. by the time the spacecraft travels a distance
∼ L0, our non-relativistic approximations may no longer
be valid.
As seen in figure 7, photon recycling is only beneficial
when x < L0. Our non-relativistic calculation gives a
rough approximation at early times when the reflection
rate is high, β  1 and x  L0. Incidentally, this is
also the regime in which photon recycling is the most
effective (Fig 7).
5.2. Photon recycling in the relativistic limit
Our simplified treatment of photon recycling is appli-
cable and beneficial for low speed spacecraft. At higher
speeds our analysis breaks down because:
• the flight time of the photons has been ignored.
This is unphysical and a causal, relativistic theory
of photon recycling needs to take this into account.
• energy losses (from Doppler shifts) due to the rel-
ative motion between the spacecraft and the DE
system have been ignored. Doppler shift is the
mechanism by which energy is transferred from the
photons to the spacecraft and needs to be included
in a rigorous analysis.
Taking both these factors into account significantly
complicates the problem. In a given time interval, there
will be photons with a range of frequencies striking the
sail. The frequency of each photon will depend on the
number of reflections it has encountered in the past. In
a future work, we will take these factors into account to
discuss a relativistic model of photon recycling.
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6. CONCLUSION
A relativistic solution of a spacecraft driven by a di-
rected energy system has been derived and applied to
the NASA Starlight program. We address claims made
in (Kipping 2017) asserting that our previous solution
(which we derive in detail here) is incorrect. We resolve
this discrepancy by showing that (Kipping 2017) fails
to include the travel time of the photons and hence vio-
lates causality. Diffraction effects of the directed energy
system reduce the incident power on the sail at large
distances, thus limiting the spacecraft speed. We show
that the spacecraft speed is maximized by using a sail
mass equal to the spacecraft mass, consistent with the
non-relativistic solution in (Lubin 2016). As an exam-
ple, when propelled by a 100 GW directed energy sys-
tem, gram-scale spacecrafts can accelerate up to 0.2c
within a few minutes of illumination (with higher or
lower speeds dependent on the system parameters cho-
sen). This opens up the possibility of relativistic flight
allowing humanity’s first interstellar missions. We dis-
cuss the effects of photon recycling and show it is most
effective for low speed missions and of limited utility for
relativistic missions. We emphasize that this technol-
ogy is not limited to gram-scale spacecraft and show the
scaling of speed with a variety of system parameters.
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Web based calculator A web based calcula-
tor based on the work in this paper and more de-
tails on our NASA Starlight program can be found
at http://www.deepspace.ucsb.edu/projects/starlight.
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